Some algebraic properties of the sharp points of the numerical range of matrix polynomials are the main subject of this paper. We also consider isolated points of the numerical range and the location of the numerical range in a circular annulus. 0 1997 Elsevier Science Inc.
INTRODUCTION
Let &, be the algebra of n X n complex matrices, and let L(A) = A,A" + ... +A,A + A,, In the first section of our paper we attempt to give an answer for this problem, and as a first step we prove that if A, E d NR(L( A)), then the NR of the matrix L( A,) has the origin as a boundary point. Specifically, if A0 is a sharp point of NR( AA -B), then 0 is also a sharp point of NR( AA , -B) and A,, belongs to the spectrum c~(Ah -B) = (A:det(AA -B) = O}.
Thereupon, under some weak conditions for L(A), it is proved that if 0 is a sharp point of NR[ L( A)] th en 0 E a(L). Therefore, using the equality [2]
we establish that a sharp point A, of NR[ L( A)] is also an eigenvalue of L(A).
In Section 2 we consider isolated points of NR[ L(A)], with applications to the factorization of L(A), and, (Section 3) to the location of NR[ L(A)] in a circular annulus.
PROPERTIES OF SHARP POINTS
By the definition of sharp points, it is obvious that they are boundary points. In the following proposition we present a connection of these points with respect to the origin as a boundary point. 
Since II y -yJ2 = II P*lhllx -x& = IIX -qJl2, and Re(x*Ax) > 0 for all x E S(X,,E), there exists a neighborhood S( yO, E)
such that y*Dy B 0 for any y E S(y,,, E).
In ( 
Then by the equations $Ax, = 0 and x*Ax = 0 for any x E S(x,, E), it is clear that 
COROLLARY. Let L(A) be a manic matrix polynomial (A, = I) and A, is a sharp point of NR[L(A)l. If there exists a vector x0 E M,(,,(A,) such that x~L'(A,)x, # 0, then A, E (+[L(A)l.

ISOLATED POINTS AND FACTORIZATION
Degenerate cases of sharp points are the isolated points, and we have the following statement:
Let L(A) be the matrix polynomial in (1) with 0 @
Conversely, by the factorization
Proof. 
Note that in Theorem 3.1 the numerical radius r( *> can be substituted by the Euclidean norm I(* 112, but then the annulus is dilated.
In (71, if L(h) is manic self-adjoint matrix polynomial, it is clear that F( A,,) is equal to the minimum measure of eigenvalues of A,, and maxx. + (, r( A,) is identified with the maximum measure of eigenvalues of matrices A,, . . . , A,,,_ 1, A,,, = I.
